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Introduction

1. Let n0, Vi, f)2, ■ ■ ■ be a sequence of complex numbers and fix) an ana-

lytic function. The expansion in series of polynomials

(1) /(*)   =   if^MPnix),
n-0

where

/» X /» X, /» xn—i

(2) Pnix) =  J    dxi I    dxt ■ ■ ■   |       dxn in ^ 1, p0ix) = 1),

was made the subject of important recent investigations by W. Goncharoff t

and J. M. Whittaker. J Goncharoff calls (1) a generalized Abel series; it is

readily found to be valid if fix) is a polynomial and reduces to the Taylor

expansion oí fix) about the point x = a ii i¡o = Vi— • • • =ct. Whittaker in-

vestigated the expansion (1) in the case when every ?jn = lor — 1 § and proved

the following theorem :||

Let fix) be an integral function for which

F- Ï0SM(r) ^   »
(3) lim- = y < — j

r->» r 2

Mir) denoting the maximum modulus of the function on the circle \x\ =r. Let

{r,n\ be a sequence with r¡„= +1. Then the expansion (1) is valid in the circle

* Presented to the Society, January 2, 1936; received by the editors November 19, 1935.

t W. Goncharoff, Recherches sur les dérivées successives des fonctions analytiques. Généralisation

de la série d'Abel, Annales Scientifiques de l'École Normale, vol. 47 (1930), pp. 1-78.

J J. M. Whittaker, On Lidslone's series and two-point expansions of analytic functions, Proceed-

ings of the London Mathematical Society, (2), vol. 36 (1933-34), pp. 451-469.

§ Whittaker actually considers the case ^„ = 0 or 1, which may be reduced to the case 7/„= +1

by an obvious linear transformation of the «-plane.

|| Loc. cit., Theorem 7, p. 468. A weaker form of this theorem, the number 1/2 on the right side

of (3) being replaced by l/(2e), is a particular case of a general theorem proved by Goncharoff,

loc. cit., pp. 35-36, and by S. Takenaga, Proceedings of the Physico-Mathematical Society of Japan,

vol. 13 (1931), pp. 111-132.
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i     i 1
(4) | * | <-1.

7

An immediate corollary stated by Whittaker is as follows.

If fix) is an integral function satisfying the condition (3) and

(5) /<»>(- 1)/<»>(1) - 0 (« = 0,1,2, •••),

thenf(x) =0 identically.

2. Whittaker remarks, by consideration of the function sin (x + l)ir/4, of

type y = 7r/4, which satisfies (5) without vanishing identically, that the num-

ber |, on the right side of (3), can not be replaced by any number larger than

7r/4. He conjectures that 7r/4 is the best constant in the condition (3). A

verification of this conjecture is contained in the following

Theorem 1. Letf(x) be an integral function for which

,,* t^- logM(r)      ir
(6) lim-< —

r-»« r 4

Let [r¡n] be a sequence of real numbers, with — l^r¡n — l. Then the expansion

(1) is valid throughout the complex plane, absolutely and uniformly in every

finite region.

As above we have the following

Corollary. If an integral function f(x), satisfying (6), is such that every

one of its derivatives f(x),f'(x),f"(x), ■ ■ ■ vanishes somewhere between —1 and

+ 1, lhenf(x) =0 identically.

It might be of interest to point out the following consequence which is

obtained by transforming these results by means of z = (x+l)/4:

Among all integral functions f(z)^0 which are suchthat fiz),f'iz),f"iz), ■ ■ ■

vanish somewhere within the interval O^z^l, the function sin irz is the one of

least growth.

3. To establish Theorem 1 we shall use essentially the same tools with

which Whittaker proved his results stated above. However, these did not

suffice entirely in the present problem for the following reason. Whittaker

could solve completely by his method the questions regarding the validity

of Lidstone's series (loc. cit., Theorem 2, p. 455) and of (1) in the case when

r/B = ( —l)n (loc. cit., §6, p. 458), because the polynomials of both these ex-

pansions reduce essentially to Appell sequences, and could thus be conven-

iently estimated by means of their generating functions. Our polynomials (1)

(—1 ^»7».^1) do not form an Appell sequence, for, in the successive integra-
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tions in (2), the lower limits of integration proceed in the wrong direction, so

to speak. This difficulty is overcome by the consideration of the polynomials

(21) which do form an Appell sequence. The solution of an extremal problem

(Lemma 1) leads to an estimate for the polynomials (21) (Lemma 2) which

holds uniformly in the 17's within ( — 1, 1) ; then surely this result may be ap-

plied to the polynomials (2) as well, provided — 1 ̂  r/» g 1.

I. An extremal problem concerning the polynomials pH(x)

4. An important step in the proof of Theorem 1 is the solution of the fol-

lowing extremal problem: Let p„(x) be a real polynomial of degree n(>0) of

the form pn(x)=xn/n\+ ■ ■ • . Let pn(x), pi(x), • • • , ^„(n_1)(o;) all have at

least one zero within the interval — I ;S x ^ 1. What is the largest value of | pn(0) | ?

This problem is solved by the following

Lemma 1. The largest possible value of \ pn(0) \ is \ P„(0) |, where

/x n X, /* xn-l

dxx I    dx2 ■ ■ •   I        dxn.
-X J +x J (-l)n

As

dxx I    dxt- ■ ■   \        dxn (- 1 á % á 1)
<¡0 J Hl J Vn-l

is the general type of polynomials considered in our extremal problem,

Lemma 1 is equivalent with the following inequality

(9)
/0 /» x, /» x„-i I    /• 0 p x, /• x„-i

dxi f    dx2 • ■ ■ dx„ lèl    dxi I    dx2 ■ ■ ■ dxn

if - 1 â r,, ^ 1.

We shall find it more convenient, however, to prove the more inclusive in-

equality

(10)
/x /» X, /• xn-l /* X /• x, /» Xn-1

dxx I    dx2 ■ ■ ■ dxn   ^     I     dxx I    dx2 ■ ■ ■ dx„
-1        •'+1 J (-Dn •'no ^m ^»»-i

if0á*ál, -láfl.ál.

We shall therefore prove that for any fixed x, with Ogz^l, |P„(:r)| is the

largest possible value of | pn(x) \ .*

Let

* This implies, for reasons of symmetry, that, if — 1 a*SO, the largest possible value of | pn(x) \

is \Pn(—x)\. The answer to our extremal problem is an entirely different one if x has a fixed value,

with | x\ > 1, and is of no interest in the present investigation.
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$n(x; y) = $n(x; yo, m, Vn-l)

(11) /x            \     C x,                                /* X"_1
dxi         dx2 ■ ■ ■ dxn

.,. \ J... J„_

From (7), (8), and (11) we get

*»(*; y) ^ | pn(x) |,        *n(x; - 1, • • • , (- 1)«) = | Pn(x) I ;

hence (10) will be proved if we can show that

*»(*;   -!,•••>(-   1)")   ^   *»(*; 10,  •   •   •   , In-l),

forOg * á 1, - 1 S fr á 1»
(12)

Letx(0^x^l)bekeptfixed;"I»„(a;;77)isacontinuousfunctionof(770, • • -,-7n-i)

and (12) states that it reaches its maximum value within the cube — 1 ̂  rj, ̂  1

at a certain corner, namely, (y) = ( — 1, ■ • • , ( — 1)"). We shall prove now

that the maximum value within the cube is necessarily attained at some one of

the 2" corners (r»v= +1) of the cube. For let (r/0, t?i, • • ■ , Vn-i) be a point at

which the maximum within the cube is reached. From (11) it is obvious that

— K?7o<l is impossible, for 3?n(x; r¡) can be further increased by increasing

the difference \x — r»0| ■ Hence rjo= ±1. Let

(13) ^=±1       (v = 0,l,--- ,k-l),        -KVk<l,

where ¿ may take any value from 1 to n — 1. In view of (13) we can write

(14) 4>„(x;ij) = J   - - "   / I /    ^n-k-i(xk+i;yk+i, ■ ■ ■ ,yn-X)dxk+x dxi ■ ■ ■ dxk

where the integrand | f¡¡k&n-k-idxk+i\ is integrated in the ordinary sense over

a certain polyhedral domain O, in the space of the variables (xi, • • ■ , xk),

which is entirely contained within the cube — l^xv^l (v = l, 2, ■ ■ ■ , ¿).*

In equation (14) we now keep everything fixed but rjk, which may vary from

— 1 to +1. In view of the formula

/' *k $n-k-i(xk+i; yic+i, ■ ■ ■ , y„-i)dxk+x
n

d

dyk i " nk

= $n-k-i(yk; iji+i, • • • , tj„_i) sgn (yk — xk),

(14) gives

* Thus if k = 3,7)o= — 1, li= — 1, 7)2= +1, then

*»(*; v) =flidxifl]dxifIi | fl'^n-dxt | dx,

and the domain D is defined by the inequalities

— lá-riáz, — lázíázi, x%-¿x3-¿i.
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d
-— $»(*; v)
orik

(15)

= 4>„_i_i(i/i; Vk+i, • • • , Vn-i) I     ■ • •   I   sgn (tj* — x*)<foi • ■ • dxk.

The integral on the right side of (15) is a non-decreasing continuous function

of r)k which has the value (— volume D) for r¡k= — 1 and (+ volume £>) for

r¡k = I ; moreover this non-decreasing function may have only one interval of

constancy at one end of the interval ( — 1, 1) and the function can therefore

vanish at one point only, say rjk = £■ The first factor $„_*_i(i7*; ■ ■ ■ ) on the

right side of (15) is a continuous and positive function of 77 * which vanishes

only for Vk = r\k+x. Hence d$n/dr)k, as given by (15), vanishes for 17* = ?,

r¡k = t]k+x; for any other value of r)k, however, it is <0 or >0, according as

?7i<£ or »h>£- Hence, as 77* varies from —1 to +1, <£„(#; 77) will decrease to

a certain minimum value to increase thereafter for the remainder of this in-

terval. This shows that our assumption (13), namely, — 1 <r¡k < 1, is impossi-

ble. The point where $„(x; 77) reaches its maximum must therefore be found

among the 2" corners of the cube — I ^ 77, ̂ 1.

5. It suffices therefore to prove the inequality (12) under the restricted

assumptions that all 77,= ±1 (and OíSzsíl, as throughout our discussion).

Now all but one set of the absolute value signs in (11) may be dropped and

we can write

Since

n(x; 77) = II     dxx I    dx2 ■ ■ ■   I       dXr, (v,= ± 1).

*n(«;  1, Til,  •   •   •   , 77„_i)   =   $„(—   X;   —   1,   -  771,  •   •   -,   —  7Jn_l)

^   $„(*;   -   1,   -  TJi,  •   ■   •   ,   -  r¡n-x),

it suffices to consider the case 770= — 1 only. For » = 1 (12) is true. We assume

now (12) to hold (for 77»= ±1) if n is replaced by any number m<n. We shall

prove the inequalities

(16) 3>n(x; - 1, + 1, • • • , (- 1)») ^ #„(*; - 1, + 1,7,2, • • • , t,„_i),

iv,= ± 1),

(17) $nix;   -   1,   +   1,  •   •   •   ,  (-   1)-)   ̂    <*>„(*;   -   1,   -   1, 7,2,   ■   •   ■   , 7,n_i),

iv,= ± I),

which cover all remaining possibilities.

To prove (16) we write
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i>„(x; - 1, • • • , (- 1)") = J    <ï>„-i(zi; 1, - 1, • • • )dxx

+ j    $„_i(*i; 1, — 1, • • • )dxi,
J o

or

(18)

)dxi

dxi I    $n-2(x2; — 1, + 1, • • ■ )dx2,

*n(x; - 1, • ■ - , (- 1)») = j  S>„_i(- xx; - 1, + 1,

/dxx I    $„
0 «^ x,

and correspondingly

$„(*;   —   1,   +   1, 772,  ■   •   •   , Vn-i)   =    I       $n-l( —   *lj   —  1,   —*!,••  •   )¿*1

(19)

+    I    .  dXx    I       $„_2(*2;7?2,  ■   •   •   ,Vn-Í)dx2.
J o «J i,

In the first integrals in (18) and (19) we have 0^ — xx^l, and therefore the

integrand in (18) is Sï the integrand in (19), on account of our assumption.

In the second integrals in (18) and (19) we have 0^a;2^l and for a similar

reason the proof of (16) is completed.

In order to prove (17) we consider the function

gix) = *„(*; - 1, + 1, • • • , (- l)n) - #»(*; - 1, - 1,7,2, ■ ■ • , 7,n_i)

and we have to prove that

(20) gix) ^ 0   if   OSiSl.

This will be done in three steps. We show first that g'ix) is a non-increasing

function. Indeed

/X /»  1 /*  X /»   X,

dxx I    *„_2(x2; — 1, • • • )dx2 —  I     dxx I    $n-2ix2; t,2, ■ • • )dx2,
-~ 1 J X, J -I J _i

whence

g'ix) =  I    *„-2(x2; — 1, • • • )dx2 -  I    <E>„_2(x2; t,2, ■ • ■ )dx2,

which proves the statement, for g'ix) is a sum of two non-increasing func-

tions. In view of this fact, (20) will be established if we can show that g(0) ^0

and g{l) 5;0, i.e., that (17) holds for x = 0 and x = l. To prove (17) for x = 0

we notice that
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$„(0; - 1, 1, • • • , (- 1)") = J    *„_i(*i; 1, - 1, • • • )dxi

=  I    *„_i(— xi, — 1, + 1, — 1, • • • )dxx;

similarly

$„(0;   —   1,   -   1, 7)2,  ■   •   •   )   = J       $n-l(-   Xl,  1,   —  172,  •   •   •   )dXi,

and the integrand of the second integral is superior ( ̂  ) to the integrand of

the third integral since 0^ — «iál- To prove (17) for x = l we notice that

*„(1;   -   1,   -   1, 772,  •   •   •   )   = J       $„-l(*i;   -   1, 7/2,

=  I    $„_i(xi; 1,

)da;i

(- Xt; 1, — 772, • • • )<ixi

7j2, • • • )¿a;i

i

= $n(l; - 1, 1, - 7)2, • • • )

^ $„(1;- 1,1, - 1, ••• ,(- 1)»),

the last inequality resulting from (16) for x = l. This completes the proof of

Lemma 1.

II. An estimate of pn(x) of lowest order in n for n—><»

6. Instead of the polynomials pn(x) defined by (2) we shall now investi-

gate the sequence of polynomials

/x /» X, /* Xn—\

dxi I      dxt • • •   I       dxn       (- 1 á i», á 1; «2o(») = 1).

This is a sequence of Appell polynomials, i.e., satisfying the recurrence rela-

tion qn(x) =qn-i(x). It is known and easily shown* that the qn(x) have a

generating function of the type

oo

(22) *"/(D = Iî.(ï)î",
n=0

where

* P. Appell, Suruneclasse de polynômes, Annales de l'École Normale, (2), vol. 9 (1880), pp. 119-

144.
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ax        a2
(23) f(t)= i+-t + -t2+--- -

This series, if multiplied formally with the power series expansion of e", gives

(24) qnix)   =  —h" + (" W-1 +   •   •   ■   + On\ .

A particular sequence of polynomials of the form (21) will be of special inter-

est, namely,

/» X /* X, /* xn~l

dxi I dx2 ■ ■ ■ dxn iroix) = 1).
(_D»      J (-i)"-1 J — i

To find the generating function

00

(26) ¿«git) = 2 '»(*)<"
n—0

of the polynomials rnix) we note that they are characterized among all Appell

sequences by the conditions

rn(+l)=0    in = 2, 4, 6, •••),        r„(- 1) = 0    (n = 1, 3, 5, • • • );

these conditions are equivalent to the requirement that e'git) — 1 be an odd

function of t and e~'git) be an even function, i.e.,

e'git) - 1 = - e"gi-t) + 1,        e-'git) = e'gi~ t),

whence we get

git) = e' sech 2t.

Now (26) becomes

00

(27) e««*»' sech 2t = X) '»(*)*".
n-0

7. A convenient expression for rnix) can now be found by a customary

method. Let

(28) rnix; p) = —■ |       r»-1e<*+1>< sech 2/di,
27TW |(|_p

where the integration is taken in the positive sense of rotation along the

circumference \t\ =p.

Noting that t= +7r¿/4 are the only (simple) poles of sech 2t within the

circle \t\ ^ 1, we find by Cauchy's theorem of residues
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/       x\      (- l)[»/2]+i/4\"+l /cos)  ir /«even)

where on the right side we have the factor cos (x+l)7r/4 or sin (a:+l)7r/4,

according as n is even or odd. In view of (27) we have

r"\' t) = r"^

and finally

(_ ll»/2l) /4\n+i  /cosx  w ineven)

(29) rn(x) = K—---'(-)       {.    \-(x+l) + rn(x;l),     \ \,
2        \ir/       I.sin ;  4 (.«odd ;

where

(30) | r„(x; 1) | ^ ^tt)-^*!  f       | e* sech 2/1 • [ dt \.
J i i|=i

Formulas (29) and (30) reveal some interesting properties of these polynomi-

als, as, for example, the relations

r2n(x) ir r2n+i(x)        _    7T
(31) lim-= cos — (x + 1),       lim-= sin — (x + 1),

»>^« r2n(— 1) 4 »-.« r2n+i(l) 4

which hold uniformly throughout any finite domain. For our present purpose

we shall need only an estimate for | rn(x) \. Formula (29) is equivalent to

/4\"+l /     TX irx\
rn(x) = (- l)i«'2H—J      2-3'2(cos— + (- D-^sin— j + rn(x; 1);

as both | cos (irx/4) \ and | sin (irx/4) \ are g cosh (ir \ x \ ¡4), it follows that

/ 4\n+1 ir I x I
(32) | rn(x) | < Í — j     2-1'2 cosh -L-L + Ke^,

where

(33) K = — f       | e'sech 2t\ -\dt\.
2w J |(|_i

8. From (32) an estimate for qn(x), defined by (21), may readily be found.

For let

7» = »'• | '»(0) | ;

(25) shows that the sign of r„(0) is ( —l)[n/21, hence the general formula (24)

gives
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rn(x)

— <xn + (n Kl*"-1 - (njy2x"~2 - ( n\y3x»-*+ ••■ + (- l)t"/2l7n|.

Substituting here \x\/i for x, we get

r.i I x I i-1)

= ~í \ x\n + iÇ)yx\ xl"-1 + ("jy2\ x\n~2 + i(   )y3\x\»~3 + ■ ■ \ ,

whence, by the inequality | a\ +1 b\ ¿21/2| a+ib\ for a and & real,

—1|*|» + (*)7i|*|-1 + (*)'yi|*Ki + ••■+7n|

(34)      U' ,       ,    ,
^ 21/2| r„(| s | i-»)|.

By Lemma 1 we have

»! | g»(0) | = | a» | g »! j r„(0) \ = yn,

and now (24) and (34) give

|f.(*)| è 21'2\rn(\ x[i~1)\.

This inequality and (32) give an estimate for qn(x). As the order of the lower

limits of integration t,, ( — 1^77,^1) in (21) is now immaterial, since the re-

sult holds for arbitrary t,„, their order may now be reversed. This proves

Lemma 2. If
/► X /» X, n> Xn—l

dxx I    dx2 ■ ■ ■   I        dxn
* <* m *^ »»-1

(- 1 ^ 7,,^ l,v = 0, 1, • • • ,n- I),

then

(36) I pn(x) I <  ( —)       cosh —-^ + 2ll2Ke^,*

where K is the numerical constant defined by (33).

* Goncharoff's general estimate

(36') |M*)|S(|*-i?o|+Uo-í7i|-|-+1 ii»_,-ij»_i| )»/»'•,
which holds for arbitrary values of all quantities involved, is very favorable if ,;„ tends to a limiting

value for «—>«>; it is less favorable, however, if, for example, ijn = (—1)"+1. To establish his re-

sults mentioned in the introduction, Whittaker used the estimate

(36") [p»(x)\&WX+\x\y*iat\z\>\,('n,~±l).
This estimate leads only to a finite region of convergence of (1), for functions/^) with the property

(3), because the right side of (36") is very large for n—>=°, if \x\ is large, whereas (36) permits to

show that (1) converges in the whole plane iif{x) satisfies (6) and — lav»SI (§3).
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III. Convergence of the Abel series expansion (1) for —1¿! 77,^1

9. Theorem 1 can now easily be proved. We need the following simple

and well known lemma.

Lemma 3. Let f(x) be an integral function for which

_log M(r)
(37) lim ——— = k < 00 .

r—»00 r

Then, if / > ¿,

(38) |/Cn)(0)| < t*   for   « ^ «„(/).

Take /' such that ¿ </' </. By Cauchy's inequality

M(r)n\      el'Tn\
/(n)(0)   è _i^ <-. (r ^ ro)>

Taking r — n/l\ this gives

|/<B)(0)| < —'- /'" = —:( — ) •/" < I" (» ^ «0).
«" «n   \ / /

Iif(x) is an integral function we have, working formally with the expan-

sion (1),

°° =0        00       /■("+>•) (0) °° fin

Z/(nW»W=EI--^I'nPnix)-   E/("°(0)Z     ̂ i»W
n=0 n=0 r=0 f! m—0 n+r-=m     f!

00 ^m

= E/^'io)—= /(*),

for

xm = r,om + myxm~lpx(x) + • • • + m\pm(x) = m\  £    — pn(x),

n+r=m    Ï •

as a result of (1), if applied to f(x) =xm. The formal relations (39) are cer-

tainly justified for \r¡,\ ál, if the double series

(40) ¿¿^|/u+r)(0)| -\pn(x)\
n-0 r-0    r\

is convergent. Let/(x) satisfy (37), then (38) holds for l>k. On the other

hand (36) gives

I PÁx) I < (—}A(p) + Bip) for | x\ £ p.
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Hence (40) is dominated for |*| ^p by the series

¿ ¿ ±Hl"+4(-)nA(p) + B(P)\
.     „ n=0 r_o   r\ K\ir/ )

(41)

= ¿He'i-|(—)"il(p) + 5(p)|,

Tí being a suitable constant. If k <ir/4, we can choose / such that k <l<ir/4,

hence 4//tt<1 and also /<1. Then both series (41) and (40) converge and the

expansion (1) is valid and absolutely and uniformly convergent in \x\ áp for

p arbitrarily large.

Added in proof, June, 1936. The question whether or not the conditions

— 1 è v-è 1 of Theorem 1 may be replaced by 177, | ^ 1 is still open. A general

theorem of S. Takenaka,* if suitably specialized, insures the validity of (1)

around the origin under the assumptions \rjv\ ¿1, provided 7 < log 2. With

the method of the present note the matter hinges upon an extension of

Lemma 2 to the case \r¡,\ ¡SI. The estimate (36) may well hold under these

more general assumptions.

* On the expansion of integral transcendental functions in generalized Taylor's series, Proceedings

of the Physico-Mathematical Society of Japan, (3), vol. 14 (1932), pp. 529-542; see also the recent

Cambridge Tract of J. M. Whittaker, Interpolatory Function Theory, Cambridge, 1935, where the

same problem is pointed out as unsolved on p. 45.
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